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Let p be an odd prime and let K be a finite extension of Q p with residue field 
k. Let G be a reductive group over the ring of integers of K and fix a continuous 
representation 

p:G F ^ G(k) 

of the absolute Galois group of a number field F. Assume that p is ordinary in the 
sense that the image of any decomposition group at a place v dividing p lies in some 
Borel subgroup B„ of G. Assume also that p satisfies the conditions of |1 II Section 
7] which guarantee that it has a reasonable deformation theory; see Section 1X11 for 
details. In this paper we show that the Iwasawa invariants of the Selmer group of 
a nearly ordinary deformation of p depends only on p and the tame ramification of 
the deformation. 

For a precise statement, let TL denote the set of nearly ordinary (with respect to 
the B.„) deformations of p to continuous finitely ramified representations 

p:G F ^ G(O tr ) 

over the ring of integers O tr of the maximal totally ramified extension of K. Fix 
an algebraic representation r : G — > GL„ such that [F : Q] divides 

dim(Y o p) Cv= ~ x + n 

v real v complex 

(where c v is complex conjugation at v) and such that r o p and its Cartier dual 
have trivial GF-invariants. Subject to the choice of Borel subgroups 3 V of GL„ 
containing r(B„), for any p £ Ti we define a Selmer group Sel^oo , p, r) over the 
cyclotomic Z p -extension i 7 ^ of F. This Selmer group is closely related to the usual 
Selmer group of Greenberg and thus is conjecturally related to the p-adic L- function 
of p with respect to r. 

We write H(r) for the set of p 6 Ti for which Self-Foo, p, r) is cotorsion over 
the Iwasawa algebra O tr [[Gal(F oc /F)]] and which satisfy a certain ramification 
condition; see Section [3.21 for a precise definition. For p G TL(r) we say that p,(p,r) 
vanishes if Sel(Foo,p, r) is cofinitely generated over O tT and we let X(p,r) denote 
the O tr -corank of Se\(Foo, p,r). Our main result is the following theorem on the 
variation of these Iwasawa invariants over TL(r). For a place v of F set 
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,(p,r) = y^mult^(r o p\ Iw ) -mult w ((rop) ® K\ Im 



here the sum runs over the places of F^ dividing v and mult w (•) is the multiplicity of 
the Teichmiiller character in the given representation of G w /I w . Note that S v (p,r) 
depends only on r o p and the restriction of r o p to /„ . 
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Theorem 1. If p(po, r) = for some po £ H(r), then p(p, r) = for all p £ H(r). 
If this is the case, then the difference 



is independent of p £ H(r). 

In particular, Theorem ^ implies that the values X(p, r) for all p £ H(r) can be 
easily determined from the knowledge of \(po,r) for a single po with p,(pQ,r) — 0. 
The question of which A-invariants can occur in H(r) is intimately related to the 
questions of level raising and lowering for p. For example, if level lowering holds 
for p, then Q equals the minimal A- invariant in the family TC(r). 

Of course, although conjecturally TL(r) is quite large, this is known in very few 
cases. The case of F — Q, G = GL2 and r the identity is studied via Hida theory in 
. The work of 0] and [Hj provide additional cases where we can apply our results. 
Specifically, let F be totally real and let G = GL2. Let p : Gf — > GL^fc) be an 
absolutely irreducible residual representation attached to some p-ordinary Hilbcrt 
modular form /o over F which is not of CM- type. Assume that: 

• p is absolutely irreducible when restricted to F(y/ (— l)(P _1 )/ 2 p); 



• (Of <8>z Z p ) x has no p-torsion; 

• F/Q is unramified at p. 

If ad° : GL2 — > GL3 is the trace zero adjoint representation, then 7i(ad°) contains 
the Galois representations associated to the set 7i° of p-ordinary Hilbert modular 
forms / which are congruent to /o in k. In this case our critical Selmer group 
coincides with Greenberg's ordinary Sclmcr group, so that we obtain the following 
result on the classical Iwasawa invariants of forms in H°. 



Theorem 2. If fj,(&d° f ) = 0, then //(ad /) = for all f £ H° . If this is the case, 
then the difference 



is independent of f £ Ti° . 

The origin of this work is the paper [7j of Greenberg and Vatsal, in which anal- 
ogous results were obtained for Tate modules of elliptic curves. These results were 
extended to arbitrary modular forms over Q in |3j . The methods given in this paper 
are a generalization of those of to arbitrary algebraic groups and number fields. 

The first issue we must confront for this generalization is that variation of Hodge- 
Tate weights causes Greenberg's Selmer groups of ordinary representations to be- 
have poorly in families. In Section ^ we introduce and study our critical Selmer 
groups, which are essentially Greenberg's Selmer group with extra twists to facili- 
tate interpolation over families. 

Distinct deformations of a fixed residual representation may have very different 
Selmer groups. However, in favorable situations it is possible to visualize these 
differences in the cohomology of the residual representation. This is done via the 
theory of residual Selmer groups developed in Section We also discuss the con- 
nections with level lowering and level raising, focusing on the less conjectural case 
of GL2. We obtain Theorem Section |31 by applying the preceding results to 
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• FnQ(p p ) = Q; 



A(ad°/)-E^( ad °/) 
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the study of Iwasawa invariants of nearly ordinary deformations of fixed residual 
representations as in 

This work grew out of the paper 3 ; it is a pleasure to thank Matthew Emerton 
and Robert Pollack for many helpful discussions on this material. The author would 
also like to thank Paul Gunnells, Chris Skinner and Eric Sommers for their help 
with this project. 

1. Selmer groups 
Throughout this paper p denotes an odd prime. 

1.1. Local Galois representations. Let K and L denote finite extensions of 
Q p and let Gl denote the absolute Galois group of L. A nearly ordinary Gl~ 
representation over if is a finite-dimensional if -vector space V endowed with a 
continuous if -linear action of Gl and a choice of a G^-stable complete flag 

= V° C V 1 c • • • c v n = V. 

Let Xi '■ Gl — * K x denote the character by which Gl acts on V t /V t ~ 1 . If V is a 
Hodge-Tate representation of Gl, then Xi must be the product of a character of 
finite order and some integer power e mi of the cyclotomic character. In this case 
we call mi, . . . , m n the Hodge-Tate weights of V. 

We say that a nearly ordinary Gi-representation V is ordinary if it is Hodge-Tate 
and if 

mi > to 2 > • ■ ■ > fn-n- 

(Note that as we have defined it the property of being ordinary depends on the 
choice of complete flag and not merely on V.) It is well known (see ^UJ) that 
ordinary representations are always potentially scmistable. In fact, the converse is 
essentially true as well. 

Lemma 1.1. If V is nearly ordinary and potentially semistable, then there exists 
a complete GL-stable flag 

= V° C V 1 C • ■ • C V n = V 
with respect to which V is ordinary. 
Proof. Let 

= V° C V 1 C • ■ • C V n = V 

be the given G^-stable complete flag. V is Hodge-Tate since it is potentially 
scmistable; let mi, . . . , m n € Z denote the Hodge-Tate weights as before. Let i 
be the least index such that mj < mi+i and let W denote the two-dimensional 
Gi-representation V l+1 /V 1-1 . Choosing a basis x,y for W with x 6 V'/V* -1 , the 
representation of Gl on W has the form 




and is potentially semistable (as this property is preserved under passage to subquo- 
tients). Thus the * above may be regarded as an element of Hg (Q p , K (m, — m,+i)), 
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in the notation of pQ. This group is trivial since mi — mj+i < 0, so that in fact the 
representation of Gl on V l+1 /V l ~ 1 is diagonal. It follows that the complete flag 

r vi j < i 

V j = < V 1 - 1 +K -y j =i 

[V l+1 j=i+l 

of V t+1 gives V l+1 the structure of ordinary G^-representation. Continuing in this 
way yields the desired ordinary flag for V . □ 

1.2. Global Galois representations. Let F be a finite extension of Q and let Foo 

denote the cyclotomic Z p -extension of F. A nearly ordinary Galois representation 
over a finite extension K of Q p is a finite-dimensional if-vector space equipped 
with a if- linear action of the absolute Galois group Gf such that V is equipped 
with the structure 

= V° C V 1 C • ■ • C V n = V 
of nearly ordinary G„-representation for each place v of F dividing p. A nearly 
ordinary Galois representation is said to be ordinary if it is ordinary at each place 
v dividing p and if the corresponding Hodge- Tate weights for each v coincide. 

Let V be a nearly ordinary Galois representation of dimension n. For a real place 
v of F, let d~ (V) denote the if-dimension of the subspace of V on which complex 
conjugation at v acts by —1. We say that V is critical if 

v real V complex 

is divisible by [F : Q]. (Note that this is automatic if F — Q or if F is totally 
complex and n is even.) If c(V) denotes this quotient, we then set 

ya _ yn-c{V) 

V V 

for each place v dividing p. 

Example 1.2. Let F be totally real and let V be the two-dimensional repre- 
sentation associated to a p-ordinary Hilbert modular form / of parallel weight 
(k, k, . . . , k) with k > 2. Then V has a natural structure of ordinary Galois rep- 
resentation with Hodge-Tate weights and k — 1. We have d~(V) = 1 for every 
archimedean v, so that V is critical with c(V) = 1. If ad° V denotes the trace zero 
adjoint of V, then ad° V is ordinary with Hodge-Tate weights 1 — k, 0, k — 1. We 
have d~(a,d° V) = 2 for each v, so that V is critical with c(V) = 2. 

Example 1.3. Let p : Gq — > GL„(iT) be associated to a cohomological cuspidal 
representation of GL„ of highest weight (oi, 0,2, ■ ■ ■ , a„) with ai > 02 > • • • > a ra and 
let ^ denote the associated n-dimcnsional Galois representation. If p is ordinary, 
then V has a natural structure of ordinary Galois representation; the Hodge-Tate 
weights are conjectured to be 

ai + n — 1, <Z2 + n — 2, 03 + n — 3, . . . , a„. 

Example 1.4. Let p : Gq — > GSp 4 (i ; ir) be associated to ap-ordinary cohomological 
cuspidal representation of GSp 4 of highest weight (a, 6; a + b) with a > > as in 
[T5] and let V denote the associated four-dimensional Galois representation; it has 
a natural structure of ordinary Galois representation with Hodge-Tate weights 

a + 6 + 3, a + 2, b+ 1,0. 
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We have d v (V) = 2 for the unique archimedean place of Q, so that c(V) = 2. 

1.3. Critical Selmer groups. Let V be a critical nearly ordinary Galois represen- 
tation as above. Let O denote the ring of integers of K . Fix a G^-stable O-lattice 
T in V and set A = V/T; we call A a torsion quotient of V, although in general 
A is not uniquely determined by V. We say that a finite set of places E of F is 
sufficiently large for A if it contains all archimedean places, all places dividing p, 
and all places at which A is ramified. 
For any place w of set 



H\G W ,A) w\p- 
im H 1 (G w ,A)^H 1 (I w , A/ A™) w \ p; 



where A" is the image of V"' in A with v the restriction of w to F. We define the 
critical Selmer group of ^4 by 

SelcrCFoo.A) = kertf^F^A) JJ^^F^,^) 
(2) = kerff 1 (F s /F 00 ,^) -» JJ Hj^F^, A) 

for any finite set of places £ of F which is sufficiently large for A. 
By Propositions 1 and 2] we have 



corank A Hl CI (Foo tW ,A) = 
By Proposition 3] we also have 



w \ p; 

[F v : Q p ]c(V) w | v | p. 



corank A H 1 ^/ F^, A) = ^ + ^ n + corank A H 2 (F s /F QOl A) 

v real D complex 

= [F : Q] ■ c(V) + corank A H^Fe/F^A) 

for any finite set of places E sufficiently large for A; here A = 0[[Gal(i r oo /i r )]] is 
the Iwasawa algebra. Since J2 v \ P i^ v ■ Qp] = ■ Q]j by © (together with 
Proposition 6]) we thus have the following result. 

Proposition 1.5. Sel cr (Foo, A) is a cofinitely generated A-module of A-corank at 
least corankA H 2 (F E / F^ , A) . 

In fact, it is conjectured [H] that the error term above vanishes. 

Conjecture 1.6 (Greenberg). For A as above H 2 (F^/ Fqo, A) = 0. 

It thus seems reasonable to adapt standard conjectures on Selmer groups as 
follows. 

Conjecture 1.7. The critical Selmer group Sel cr (i r ' 00 ,A) is A-cotorsion. 

In fact, we will see below that the latter conjecture implies the former. 

If V is ordinary with distinct Hodge-Tate weights m n _ c iy) and m n _ c (v)+i, then 
the critical Selmer group is closely related to Greenberg's Selmer group. More 
precisely, for any m such that 

fn n -c{v)+i <m< m n _ c (v), 
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we have 

Selc^Foo,^) = Sel(Foo,A(m) ® W - m ) 

where the latter Selmer group is as in Section 7], A(m) = A ® e m is the twist 
of A by m powers of the cyclotomic character and to is the Teichmiiller character. 
Note that A(m) eg) uj~ m = A as Gf^ -modules; the twist above is simply shifting 
the Hodge filtration. 

1.4. Structure of critical Selmer groups. Let A be a torsion quotient of a 
critical nearly ordinary Galois representation V as before. Greenberg (SJ [7] has 
obtained powerful results on the structure of Selmer groups under the assumption 
that they are A-cotorsion. In this section we adapt his techniques to critical Selmer 
groups. The essential idea is to replace A by a twist which is well-behaved. Let 

n = iv~ 1 e : Gp — » 1 +pZ p 

denote the character giving the isomorphism Gal(Foo/F) = l+pZ p . For any t € Z p 
we set A t — A <g) k* and Af w — A" ® k* for any place w of Foo dividing p. Note 
that A t is isomorphic to A as a Gf x -module. Let A* t denote the Cartier dual 
Home>(j4 t , K/0(1)); it is a free O-module of finite rank. 

Proposition 1.8. Let A be a torsion quotient of a critical nearly ordinary Galois 
representation V. Assume that Sel cr (i 7 ' 00 , ^4) is A-cotorsion and that H {F OOl A* ® 
K/O) is finite. 

(1) The sequence 

-> Sel cr (-Foo , A) -► H^Fe/F^A) -► ]J H^F^, A) -► 

is exact for any finite set of places X of F sufficiently large for A. 

(2) Assume that H a (F, A* <g K/O) = 0. Then Sel <x (F 00 ,A) has no proper 
A-submodules of finite index. 

Proof. The sequence in (1) is exact by definition except for the surjectivity on the 
right. In fact Hi cr (F 00jU ,, A) is divisible for each w since G w has p-cohomological 
dimension one, so to prove (1) it suffices to show that the the cokernel of the map 

1 :H l {Fv/F OQ ,A)^ J] Kcr(Foo, w ,A) 

is finite. 

Let F n denote the unique subfield of F^ of degree p n over F. For a place w of 
F n and t € Z p set 



(The condition at places dividing p is slightly stronger than we usually impose so 
that we may apply the appropriate duality results below.) We claim that to prove 
the surjectivity of 7 it suffices to show that for some t the maps 

^t-.H^Fv/F^At) -» J] Hl(F ntW ,A t ) 
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have finite cokernel bounded independent of n. Indeed, taking the limit in n we 
then find that 

jt: H^Fs/F^At)^ JJ H^F^, A t ) 

has finite cokernel; here H] (Foo. w , At) is defined analogously to H^(F n>w ,At) above. 
Since At = A over F^ , one sees immediately that the cokernel of 7 is a quotient of 
the cokernel of 74, so that this does indeed suffice. 

We now select an appropriate value of t. We claim that for all but finitely many 
t G Zip we have: 

(i) ker7 nj t is finite for all n; 

(ii) H°(F n>w , A t ) and H°(F ntW , A* t ) are finite for all w \ v G E, v \ poo, and all 
n; 

(iii) H°(F n , w ,A t /A% w ) and H°(F n>w , (A t /Af w )*) are finite for all w \ p and all 

n; 

(iv) H°(F niW , (A" w )*) is finite for all w | p and all n; 

This is clear for the latter three conditions as k\g w has infinite order for each of the 
finitely many non-archimedean places of F^ lying over places in E. For the first 
condition, consider the restriction map 

ker7„, t -> Sel cr (F 0O) A t ) r " 

where T denotes G^F^/F). The kernel of this map lies in H 1 {F 00 /F n ,Af F<x> ), 
which has the same corank as H°(F n , A t ) and thus is finite for almost all t. Since 

Selcr^oo, A) is A-cotorsion by assumption, Sel cr (F 00 , A t ) r " is finite for all n for 
almost all t; any t satisfying the latter two conditions satisfies (i). 

Fix such a t. By (ii) and local duality we have that H 2 (F 7lyW , A t ) is finite for all w 
dividing ueS.aifp, and all n. By (ii) and the local Euler characteristic formula, 
it follows that H 1 (F n ^ w , A t ) is finite for all such w and all n. By an analogous 
argument using (iii) one sees that fl" 1 (F njU) , A t /Af) has corank [F n ^ w : Q p ]c(V) = 
[F v : Q P ]c(V)p n for all w dividing v dividing p. By (iv) and another application of 
local duality this implies that Hl(F n ^ w ,A t ) has corank [F v : Q p ]c(V)p n as well. 

The Poitou-Tate global duality sequence yields an exact sequence 

-» ker 7 „, t -» H\Fv/F n ,A t ) ^ ]J Hj(F n , w ,A t ) -» H h „ -» ff 2 ,n -> 

where i?i irt is dual to a subgroup of if^Fs/ 'F n , A%) and i?2,n is a subgroup of 
H 2 (Fy,/ F n , A t ). By the global Euler characteristic formula and the definition of 
c(V) we have 

coranko H^F^/F^ A t ) = [F : Q]c(V)p n + corank H 2 {F^/F n ,A t ). 

By our local computations above we see that the target of 7 nj t has corank [F : 
Q]c(V)p n . Since ker7„ !4 is finite by (i), it follows that H 1 (Fz/F n , A t ) has corank 
[F : Q]c(V)p n and that H 2 (F^/F n ,A t ) is finite. In fact, H 2 (F^/ F x , A t ) must 
therefore vanish since by Proposition 4] it is cofree over A. Thus H2 :U vanishes, 
so that Hi n = coker7„. t is finite as well. 

In particular, coker7 nj t must be dual to a subgroup of H 1 (F^/F n , A$ ) t0 rs- This 
latter group is simply the kernel of 

H\Fx/F n ,A*) -> H 1 {F^/F n ,Al®K) 
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and thus equals the image of H°(F n ,Af <g> K/O). Thus for any n we can identify 
the dual of coker j n>t with a subgroup of H (Foo , A* ®K/0) = H° (F^ ,A*®K/0). 
This latter group is finite by assumption, so that coker 7„ jt is bounded independent 
of n; the first part of the proposition follows. 

We turn now to (2). Let t be as above, subject to the additional hypothesis that 

H 1 (Fv/F 00 ,A t )/H 1 (F i: /F 00 ,A t ) A _ div 

has finite T-covariants. (This is certainly possible since 

H 1 (Fx /Foo, A)/H 1 (F 11 /F 00 , A) A _ div 

is visibly A-cotorsion.) Since the cokernel of the injection 

ker7 t <-» Sel^F^, A) 

is divisible, to show that Sel cr (i 7 ' 00 , A) has no proper A-submodules of finite index 
it suffices to show the same for ker7 t . In fact, by the structure theory of A- modules 
for this it suffices to show that (ker7t)r = 0. 

Since T is pro-p, the assumption that H°(F,A* (g) K/O) = implies that 

ff°0Fao, A* ® K/O) = ^(f^a; ® K/O) = 0. 
In particular, the group H\ q above in fact vanishes, so that the map 
H\F E /F,A t )-> J] H l s {F w ,A t ) 

is surjective. It follows from this and the fact that T has cohomological dimension 
one that the map 

H^Fv/F^Atf -> J] Hl(F^ w ,A t f 

is surjective as well. This in turn implies that the map 

(ker 7t ) r ^ J H' l ( J F E /F 00 ,A i ) r 

is injective. The latter group is finite by our last assumption on t. However, 
H 1 (Fz/F oa ,A t ) has no proper A-submodules of finite index by [SJ Proposition 5]. 
Thus H 1 (F^/ Foo, A t )r must in fact vanish, so that (ker7t)r vanishes as well, as 
desired. □ 

1.5. Iwasawa invariants. Fix a uniformizcr tt of O and set k — O/ir. Assume 
now that A is a torsion quotient of a critical nearly ordinary Galois representation 
V; that Se\ cr (Foo,A) is A-cotorsion; and that H°(F,A* ® K/O) = 0. We define 
n(A) to be the least n > such that 

Se\ CI (Foo, A)[n n+1 ]/ Se^^, A)[ir n ] 

is finite-dimensional over k. We define X(A) as the O-corank of Sel cr (-Foo) A). 
Proposition 1 1 . 81 yields the following result. 

Corollary 1.9. Let A be a torsion quotient of a critical nearly ordinary Galois 
representation V such that Se\ CY (Foo, A) is A-cotorsion and H°(F,A* ®K/0) = 0. 
Then fJ.(A) = if and only if Sel cr (i 7 ' 00 , A)[ir] is finite-dimensional. If fi(A) = 0, 
then Se\ cr (Foo, A) is a divisible O-module and 

\(A) = dim fc Se\ cv (Foo,A)[7r}. 
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Proof. The first statement is immediate from the definition. If this is the case, 
then it follows from (2) of Proposition fOl that Sel cr (-Foo, A) is divisible: indeed, if 
p(A) = then the maximal divisible subgroup of Sel cr (i 7 ^ , A) has finite index, so 
that by the proposition it must coincide with Sel cr (F 0O , A). By definition we thus 
have 

Sel CI (F 00 ,A)Sl(K/0) x W; 
the corollary follows. □ 



2. Residual Selmer groups 

Corollary ED suggests that it should be possible to study the Iwasawa invariants 
of a critical torsion quotient A by studying a corresponding residual Selmer group. 
However, this Selmer group must depend not only on the 7r-torsion of A but also on 
the ramification of A. In this section we model the different possible Selmer groups 
using a version of Mazur's notion of a finite/singular structure. 

2.1. Ordinary residual Galois representations. Let F be a number field as 
before and let k be a finite field of odd characteristic p. An ordinary Galois repre- 
sentation over k consists of a finite-dimensional fc-vector space A endowed with a 
/c-linear action of Gf and choices of G„-stable complete flags 

= A° C A* C • • • C A™ = A 

for each place v dividing p. 

Let A be an ordinary Galois representation of dimension n over k. For a real 
place v of F let d~(A) denote the X-dimension of the subspace of V on which 
complex conjugation at v acts by —1. We say that A is critical if 

£<C(A)+ £ n 

v real v complex 

is divisible by [F : Q] , in which case we write c( A) for the quotient and set A£ r = 
A" c ^ for each place v dividing p. 

2.2. Finite/singular structures. Let A be a critical ordinary Galois representa- 
tion over k. 

Definition 2.1. A finite/singular structure S on A is a choice of fc-subspaces 

H 1 LS (F 00>W ,A)CH 1 (G W ,A) 

for every place w of i 7 ^ subject to the restrictions: 

(1) Hf tS (Foa tW ,A) = kci H 1 (G W , A) -» H\l w , A") for any place w dividing 

p; 

(2) Hj s (F 00yW , A) = for almost all w; 

(3) Hi ^(-Foo.u)! A) and -ffj 5 (i 7 ' oo . t0 ', A) coincide under the canonical isomor- 
phism H 1 (G W: A) = H 1 (G w i , A) for any places w and «/ dividing the 
same place v \p of F. 

(Note that H 1 (G Wl A) = for all archimedean places w, so that we may safely 
ignore archimedean places below.) 
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Fix a finite/singular structure S on A. We say that a finite set E of places 
of F is sufficiently large for S if it contains all places at which A is ramified, all 
archimedean places, all places dividing p, and all places v such that Hj s {F oa>w , A) 
is non-zero for some w dividing v. For a place v of F we set 

5 S , V (A) =^dimfc#} iS (F cxvu ,,A) 

w\v 

and for a place w of we set 

ffistFoo,™, A) - H 1 (G W , A)/Hf >s (Foo,w,A)- 

(Note that H 1 (G W , A) is always finite dimensional over k, so that 6s, v (A) is finite.) 
We define the S-Selmer group of A by 

SeUCFoo, A) = ker ff 1 ^, A) FJ ^(i^ A) 

(3) = kcrff 1 (F s /F 0O ,A) -> JJ tfj^F^, A) 

for any finite set of places E of F which is sufficiently large for S. 

We say that /u(A) = if i? 1 (Fs/F 00 , A) is finite dimensional; this is independent 
of the choice of sufficiently large E. If this is the case, then SeL^Foo, A) is finite 
dimensional for any S, and we set 

A s (A) = dim fe Sel s ( J F 00) A). 

Example 2.2. The minimal structure S min is given by 

H}, Sm jF OOiW ,A) = 

for w not dividing p. (The condition at w dividing p is fixed by definition.) The 
corresponding minimal Selmer group Sel5 min (F^ , A) is contained in every other 
Sclmer group of A. 

Example 2.3. Let if be a finite extension of Q p with residue field k; we write O 
for the ring of integers and 7r for a fixed choice of uniformizer. Let A be a torsion 
quotient of a critical nearly ordinary Galois representation V over K. The 7r-torsion 
A[tt] inherits an obvious structure of critical ordinary Galois representation over k. 
We define a structure S(A) on A{ir] by setting 

H f,s(A)( F oo, w ,A[7r}) = keTH 1 (G w ,A[7r}) -» H^F^A) 

for every place w of i 7 !^ . Note that for w not dividing p we have 

h },S(a)( F oo,w,A[tt]) = imA G ™/ir ff 1 ^, ^tt]). 

In order to prove that 5(A) is a finite/singular structure on A[ir] we need a simple 
yet crucial lemma on local Galois invariants. 

Lemma 2.4. Let A be a torsion quotient of a Galois representation V over K . 
Let v be a place of F not dividing p such that V and A[ir] have the same Artin 
conductor at v. Then A Gw is O-divisible for every place w of Fqo dividing v. 

Proof. Fix a place w of F^ dividing v. As the Swan conductor is invariant under 
reduction (see [5] for example), it follows from the hypothesis and the definition of 
the Artin conductor that 

dim A - V Iw = dim k A[ir} Im . 
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(Note that I w = I v since Foo/F is unramified at v.) Since A Iu ' has O-corank equal 
to dimity 7 ™, we conclude that A Iw is O-divisible. The G w //^-invariants of an 
O-divisible module are still O-divisible, so that the lemma follows from this. □ 

Proposition 2.5. Let A be a torsion quotient of a Galois representation V over 
K. If H (I W ,A/A%j) is O-divisible for each place w dividing p, then the structure 
S(A) is a finite/singular structure on A[ir]. 

The divisibility hypothesis above appears to be essential to our method. In the 
case that V arises from a modular form /, it corresponds to the assumption that 
/ is a twist of an ordinary modular form (in the usual sense that the p th Fourier 
coefficient is prime to tt) by a power of the Teichmullcr character. 

Proof. It follows from Lemma 12.41 that Hj s ^(F OCyW , A[tt]) — for almost all 
w. The coincidence of Hj s ^ (Foo^, A[ir\) and Hj s ^ (Foo jW i, A[ir]) for w and w' 
dividing v \ p is immediate from the definition. Finally, the verification of the 
conditions at places w dividing p is a simple diagram chase using the fact that the 
divisibility of H°(I W ,A/A") implies that 

H\I W ,A/AZ[A) ^ H\I W ,A/AZ) 
is injective □ 

Corollary 2.6. Let A be a torsion quotient of a Galois representation V over K 
such that H°(I W ,A/A") is O-divisible for each place w dividing p. If H°(F oc ,A) 
is O-divisible, then the natural map 

is an isomorphism. In particular. fJ-(A) = if and only if fi(A[n]) = 0. If this is 
the case, then X(A) — \s(a)(A[tt]). 

Proof. The identification of Selmer groups is immediate from the injectivity of 

H^F^Afr}) -^H^F^A) 

and the definition of S(A). The relation between the Iwasawa invariants now follows 
from the definitions and Corollary 1 1.91 □ 

In particular, the corollary implies that knowledge of the residual representa- 
tion A[tt] and finite/singular structure S(A) (which depends only on A[ir] and the 
ramification of A) determines the Iwasawa invariants of Sel cr (i 7 !^ , A). In the next 
section we will use Proposition ll.8l to give a more precise description of this relation. 

We remark that one can consider induced structures as above for lifts of A to 
representations over more general complete local noetherian rings with residue field 
k. In particular, one can then compare the structures induced from the ring and 
its quotients. For example, one can show that induced structures are constant on 
families with constant ramification in an appropriate sense. (In the case of Hida 
families, by this we mean a branch of the Hida family with all crossing points 
removed.) We will not pursue this point of view any further here. 
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2.3. Variation of structure. Fix a critical ordinary Galois representation A over 
k. Let K be a finite extension of Q p with residue field k, ring of integers O and 
uniformizer tt. A lift of A over K is a torsion quotient A of a nearly ordinary Galois 
representation V over if such that H°(I W , A/ A™) is O-divisible for all w dividing p, 
together with an isomorphism A = A[n] of nearly ordinary Galois representations. 
Note that V is then necessarily critical since p is odd and thus d~(V) = d~(A) for 
all real places v. We say that a finite/singular structure S on A is induced if there 
is a lift A of A such that the isomorphism A = A[tt] identifies S with S(A). We 
say that S is properly induced if such an A can be chosen so that Sel cr (i 7 ' 00 , A) is 
A-cotorsion. 

The key result for the analysis of residual Selmer groups is the following propo- 
sition. 

Proposition 2.7. Assume that fi(A) = and H°(F, A) = H°(F, A*) = 0. If S is 

properly induced, then the sequence 

0^Sel s (F oo ,A)^H 1 (F i: /F oo ,A)^ [J /^(F^, A) ^ 

is exact for any finite set of places Y, of F sufficiently large for S. 

Proof. Fix a proper lift A of A which identifies S{A) with S. Note that the hy- 
potheses imply that 

H°(F, A) = H°(F, A* ® K/O) = 0. 
Consider the exact sequence 

-> Sel cr (F tX) , A) -► H 1 {F^/F aa ,A) -► JJ ^(F^,^) -► 

of Proposition lL^l Since Sel cr (F , 00 , A) is O-divisible by Corollarv ll.9l the 7r-torsion 
of this sequence is an exact sequence 

-» Selc^Foo, A)[tt] H^Fx/F^ A)[tt] JJ /^(F^, A)[tt] -» 0. 

Since i? (F oo ,v4) = is divisible, it follows easily from Corollary 12.61 and the 
definitions that this sequence identifies with the desired sequence. □ 

The above proof rests entirely on the crutch of a proper lift of A. We do not 
know how to approach this problem purely via the residual representation A. 

Corollary 2.8. Assume that fi(A) = and H°(F,A) = H°(F,A*) = 0. The 
quantity 

A S (A) A) 

v\i> 

is independent of the choice of properly induced structure S. 

Proof. Let S\ and 52 be properly induced structures on A and choose S which is 
sufficiently large for both. Then it follows from Proposition 12 . 71 and the agreement 
of the local conditions at places dividing p that 

A 5l (A)+ J2 <XmHl Sl (F 00iW ,A) = \ S2 (A)+ £ dim ff]^ (F^, A). 
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Since 

6 Si , v {A) = ^dimfl- 1 ^^, A) - dim Hls^F^, A) 

w\v 

the corollary follows from this. □ 

Note that when the minimal structure <S m i n itself is properly induced the above 
difference is simply A < s min (A). The question of whether or not the minimal structure 
<5min is induced is intimately related to level lowering. More precisely, we have the 
following result, which follows immediately from Lemma 12.41 

Proposition 2.9. Let A be a lift of A over K. If the Artin conductor of A equals 
the Artin conductor of V , then the isomorphism A = A[ir] identifies S mln with 
S(A). 

2.4. Existence of structures. Proposition 12.71 gives very precise control over 
properly induced structures. It thus becomes an interesting question to determine 
which structures actually occur in this way; that is, for which structures <S on A 
do there exist torsion quotients A of critical nearly ordinary Galois representations 
V with A-cotorsion Selmer group and an isomorphism A = A[ir] identifying S with 
S(A)7 

The local part of this question is not difficult: given A, a place w of dividing 
a place v of F, and a subspace 

HQH\G W ,A) 

it is a straightforward calculation to determine if there is a G„-representation A 
lifting A such that 

H = imA G ">/ir -> H 1 (G W ,A). 
Much more difficult is the amalgamation of this local information into a global 
structure. This latter question is intimately connected with level raising in the sense 
of • To illustrate this connection we give the following result for two-dimensional 
modular representations of tame level one; one can prove similar results for higher 
levels, but we focus on this case for simplicity. 

Let A be an absolutely irreducible ordinary two-dimensional modular Galois rep- 
resentation over Q unramified away from p. Assume also that the G p -representation 
A/Ap is unramified. Let S be a finite/singular structure on A. Consider the two 
conditions: 

(1) Hj ^(Qoo,™, A) = for any place w \ p dividing a prime I ^ 1 (mod p) 
such that 

a '-(o \) 

with u) the Teichmiiller character and x^l. (Note that A\a e is unramified 
by assumption and thus will be split in this case unless x — UJ -) 

(2) dim Hj 5 (Qoo.uj, A) ^ 1 for any place w dividing a prime 1=1 (mod p) 
such that A\a e is trivial. 

Proposition 2.10. Let S be a finite/singular structure on A. IfS is induced, then 
(1) holds. If (1) and (2) hold, then S is properly induced. 

It is an interesting question as to whether or not condition (1) alone suffices to 
determine if S is induced. This reduces to the question of whether or not for a 
prime 1=1 (mod p) such that A\a t is trivial one can find modular lifts of A which 
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are special (of level £) at I and with the unramificd line lifting an arbitrary choice 
of line in A. It is not clear to this author if the techniques of J2] can be modified 
to answer this question. 

In the proof we will frequently use the fact that H 1 (G W , A) (resp. H 1 (G W , A)[ir}) 
has fc-dimension equal to the multiplicity of 10 in the inertia coinvariants A/ m (resp. 
Vi w ); see Section 2]. 

Proof. Suppose first that 5 is induced and let w be a place dividing a prime £ with 
A\q ( as in (1). Let A be a torsion quotient of an ordinary Galois representation V 
lifting S and consider the corresponding exact sequence 

0^ A G ™ /n^ H l {G w ,A) H 1 {G w ,A)\k] 0. 

If A is unramified at £, then A Gw is divisible, so that we must have Hj s (Qoo.w, A) = 
0. If A is ramified at I, then since A is unramified at I yet I ^ 1 (mod p) and \ ^ 1, 
we must have \ — . (See Section 1].) But then £ ^ — 1 (mod p) (for that 
would force x = 1) so that V must be special at £: that is, the Galois action on V 
is given by 

ur * 
uj 

with * ramified but trivial modulo tt. Then both //^(Gu,, A) and H 1 (Gu, , A) [tt] are 
one-dimensional, so that we still have Hj ^(Qoo,™, A) = 0. 

Next suppose that (1) and (2) are satisfied and fix a prime £ different from p. 
We claim that there exists a two-dimensional if-vector space Vi with a if-linear 
action of Ge such that 

J2 dim fc H 1 (G W ,A) - dim K H\G W , V e ) = S s , e (A). 

w\l 

Indeed, this is straightforward from the discussion of [21 Section 1] . Specifically, we 
may take Vi unramified if 6s,e(A) = 0. If Ss^(A) ^ and £ ^ 1 (mod p), then by 
(1) we must have 

In this case one simply takes Vi to be the special representation 

£ * 

1 

with * trivial modulo tt. If 6s.e{A) ^ and 1=1 (mod p), then one may take Vi 
to be a ramified principal series lifting of A. 

After possibly enlarging K, we may now apply Theorem 1] to obtain a torsion 
quotient A of a (necessarily ordinary) modular representation V together with 
an isomorphism A = A[n] and isomorphisms V\i e = Vi for every £ ^ p. Since 
dim^- H 1 (G W , V) depends only on A and V\i e , we have 

J2 dim fc H\G W ,A) - dim K H\G W ,V) = 6 s ,e(A) 

w\l 

for all places w dividing I ^ p. Under the assumption (2) this is in fact enough 
to determine Hj s (Q OQyW , A), so that we must have S(A) = S. Finally, since V is 
modular it is known by work of Kato that Sel cr (Qoo, A) is A-cotorsion, so that S 
is properly induced, as desired. □ 
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3. Galois deformations 

3.1. Deformations. Fix a finite extension Ko of Q p with ring of integers Co and 
residue field k. Let G denote a split reductive algebraic group over Oo such that the 
center Z of G is smooth over Oq . For each place v dividing p fix a Borel subgroup 
B v of G. Let 

p:G F -^ G(k) 

be a continuous residual Galois representation taking values in G. We assume: 

(1) the identity component of the centralizer of p is equal to the identity com- 
ponent of Z xfc; 

(2) p(G v ) lies in B v (k) for every place v dividing p; 

(3) p is regular: for any place v dividing p the invariants H°(G V , Q /B v ) vanish. 
(Here Q and B v are the Lie algebras of G and B„ endowed with adjoint 
G„-action.) 

A nearly ordinary lift p of p to a local Oo-algebra O with residue field k is a 
continuous representation 

p:G F ^G(0), 
ramified at finitely many places, such that the composition 

G F -A G(0) -» G(k) 
is equal to p and such that for each place v dividing p there is 

g v G G(0) := kcrG(O) -> G(fc) 

such that 

g v -p{G v )-g- x CB (0). 
We consider two such liftings equivalent if one can be conjugated to the other via 
some element of G(O); a nearly ordinary deformation of p is an equivalence class 
of liftings. 

For a local O -algebra O with residue field k we write H(O) for the set of nearly 
ordinary deformations of p to O. If E is a finite set of places sufficiently large for 
p, we write TCe(0 ) for the subset of TL{0) of deformations unramified away from 
E. By ^2 Proposition 6.2] the functor Hs is representable: there is a local Oo- 
algebra i?^ with residue field k such that there is a bijection between H(0) and 
Hom(i?|. , 0) for any O as above. (We note that Hom(i?£°, 0) is computed in the 
category of inverse limits of artinian local O -algebras with residue field k; such 
morphisms are required to be local homomorphisms inducing the identity map on 
k.) 

3.2. Selmer groups. Fix an algebraic representation 

r : G -> GL„ 

for some n. For each place v dividing p fix also a Borel subgroup B„ of GL„ 
containing r(B v ). Let A(p, r) denote the representation space for 

G F G(fc) GL„(fc). 
We endow A(p, r) with the structure of ordinary Galois representation by letting 
= A2cAjc...CA: = A( /) ,r) 
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be the complete flag associated to the Borel subgroup for each v dividing p\ 
since r o p(G v ) C B v (k), this flag is indeed G^-stable. We say that the pair (p, r) is 
critical if A(p, r) is critical. 

Let O be the ring of integers of a finite totally ramified extension K of Kq and 
fix p G TL(0). Define a Galois representation T p as the representation space of the 
composition 

G F A G(O) A GL B (C). 

The isomorphism class of T p depends only on the deformation class of p, so that 
we may speak of the Galois representation associated to p. Set V p — T p <g>e> K and 
A P = V P /T P . 

We claim that we may endow V p with a canonical structure of nearly ordinary 
Galois representation. Indeed, let v be a place dividing p and fix g v G G(O) such 
that 

gv-piG^-g- 1 CB v (0). 

Define a complete flag 

= V° CV 1 C • • • C V n = V n 

as the g^ 1 conjugate of the complete flag associated to the Borel subgroup B„ of 
GL„. It is clear that this flag is G u -stable. It is also independent of the choice of 
g v as above: by |1 II Claim of p. 49] (using the regularity assumption) any other 
g' v G G(0) such that 

g' v -p{G v )-g'- l ^B v {0) 
must differ from g v by an element of 

B„(0) :=ker B v (0)^B v (k) 

and thus yields the same complete flag. We always regard V p as a nearly ordinary 
Galois representation via these choices of complete flags. 

Assume that (p, r) is critical and define the Selmer group Sel(Foo,p, r) by 

Sel(Foo, p,r) := SeU^oo, A p ). 

(Of course, this Selmer group also depends on the choices of Borel subgroups B v ; 
we omit these choices from the notation.) When Se^FooP, r) is Ao-cotorsion we 
let p(p,r) and A(p, r) denote the p and A-invariants of Sel^oo, p, r). 

Let pi G H(Oi) and pi G H{Q2) be two deformations as above. We say that 
Pi G TL(Oi) and pi G 'HiQ-i) are stably equivalent if there is a finite totally ramified 
extension K3 of Kq, with ring of integers O3, and injective morphisms <j\ : 0\ — > O3 
and cj 2 : O2 — > O3 such that di o p x and 01 o p 2 are equivalent deformations over 
O3. We simply write TL for the set of stable equivalence classes of nearly ordinary 
deformations of p; since Gf is compact it can also be interpreted as the set of nearly 
ordinary deformations of p to the ring of integers of the maximal totally ramified 
extension of Kq. Note that as defined above the vanishing of p(p,r) and the value 
of A(p, r) depend only on the stable equivalence class of p 

Let Ti.(r) denote the subset of p G H such that for some (or equivalently for 
all) choice of representative p G Tt(0), Sel(-Foo, p, r) is Ae>-cotorsion and such that 
H°(F 0OtW ,Ap/A' p T jW ) is O-divisible for each w dividing p. 

Theorem 3.1. Assume that H°(F, A(p, r)) = H°(F, A(p, r)*) = 0. Iffi(p ,r) = 
for some po G T~i(r), then p(p, r) = for all p G H(r). 
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We then say simply that p,(p, r) = 0. 

Proof. This is immediate from Corollary 12. 61 □ 

Theorem 3.2. Assume that H°(F, A(p, r)) = H°(F, A(p, r)*) = and p(p, r) = 0. 
The quantity 

X(p, r) - ^2<tim k Af™/Tr 
is independent of the choice of p £ TL(r). 

Proof. This is immediate from Corollaries 12 . 61 and 12.81 □ 

Note that for a place w of Foo dividing a place v { p of F, by [3 Section 2] the 
dimension dim^ ™ /V is equal to the difference between the number of occurrences 
of the Teichmiiller character in the G^/ito-representations A(jj, r)i w and A Pj / ro [7r]. 
Theorem ^ is thus an immediate consequence of Theorems 13.11 and 13.21 
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